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Abstract

In this paper, the steady/transient magnetohydrodynamics
heat transfer within a radiative porous channel due to
convective boundary conditions is considered. The solu-
tion of the steady-state and that of the transient version
were conveyed by the perturbation and finite difference
methods, respectively. The heat transfer mechanism of the
present work ascertain the influence of Biot number
(Bi1), magnetizing parameter (M), radiation parameter
(R), temperature difference, suction/injection (S), Grashof
number (Gr), and time (t) on velocity (1), temperature
(8), skin friction (r), and Nusselt number (Nu). The
results were established and discussed with the help of a
line graph. It was found that the velocity, temperature, and
skin friction decay with increasing suction/injection and
magnetizing parameters while the Nusselt number
upsurges with suction/injection at y=0 and falls at
y=1. The steady-state solution was in perfect agreement
with the transient version for a significant value of time t.
It is interesting to report that the Biot number has a cogent
influence consequently, as its values upsurge the result of
the present work slant the extended literature.
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1 | INTRODUCTION

The scientific eruption has continuously brought about a great awakening in the field of heat
transfer on magnetohydrodynamics (MHD) as the industrial revolution necessitates a good
fraction of the social well-being of its society to the use of heat as a source of energy. As such,
studies on porous (suction/injection) mediums have become a prominent theme of discussion
in the area of MHD heat transfer. As a case in point, such as marine (thrust bearing) generators,
radial (oil, fluorescent light, etc.) diffusers, heavy oil (thermal oil recovery) reservoirs, to
mention but a few, suction/injection is applied to enhance and stabilize. Therefore, the quest
for the relevant application of suction/injection on MHD heat transfer drives the efforts of
many authors in conducting research on the related topic in recent years.'™*?

A prodigious deal of interest in MHD fluids control by heat flux continues to flourish. For
instance, a heat transfer system operating at high temperatures requires a reasonable amount of
radiation. For example, Dulal and Babulal'* reported that in the design (production and process
industries) basic quality of thermal radiation is needed with excellent thermal stability.
Considering the above application of thermal radiation in the field of engineering technology,
many authors have shown interest in thermal MHD heat transfer.”*'>""*

MHD prescribed by convective boundary conditions continues to play an important role in
engineering and industrial (transpiration, cooling process, material drying, etc.) processes.
Recently a handful of researchers have worked on MHD flow subject to convective boundary
conditions.**"**

Considering the importance of convective boundary conditions in engineering and
technology and also taking cognizance of fluids flow within channels are exposed to
environments of different or changing temperatures, the present study is motivated to extend
the work of Isah et al.'® to incorporate the convective boundary conditions. The objective of the
present work is aimed at solving the said problem both analytically and numerically using
perturbation and unconditional finite different methods in view to address the efficacy of the
convective (Biot number) parameter in the presence of pertinent parameters within a radiative
porous channel.

2 | GOVERNING EQUATIONS

The geometry of Figure 1 reflects the flow configuration of steady/transient laminar (MHD)
through porous walls guided by a magnetic field with intensity By. The x’-coordinate is taken
in the direction of the main flow along with the plate and the y’-coordinate is normal to
the plate. Earlier in the start-up of the experiment, the dimensional time is assumed to be
t" < 0 such that the fluid and plate exhibit a constant temperature Ty. It is further assumed
that the temperature of the wall situated at y’ =0, received a convection energy

—k*g,’ ‘ =h [Tl - T'(O, t)] while reference temperature at y = H is maintained as 7, at
y'=0
dimensional time ¢’ > 0. Under Boussinesq approximation and presuming the flow to be
laminar and fully developed, the dimensional form of velocity and temperature equations are
given below:

ou’ ou’ o’ Béu'

= + T—T1) — s
3t 0 3y 32 gB(h—T)—o P €Y
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FIGURE 1 The geometry of the problem for the porous channel

oT’ aT’ 2T’ 194,
’ + 0 ’ =a 72 I | (2)
ot dy dy K dy
and the presumed initial/boundary conditions to be satisfied are given below:
<0 =0;T =T, for 0<y' <H,
’ gy — _ or’ — _ ’ A
f>0:u =0, k*ay,y/zo_hl[Tl T(O,t)] at y' =0, 3)
u =0T =T at y’' =H.

The radiation heat flux (qy) on the right-hand verge of (2) is in the y’-direction whereas its

effect is measured as insignificant in the latter direction (x’). The current investigation is
restricted to optically dense fluids'®

_ —4o*oT™
qy - 3k*ayl : (4)

The dimensional quantities c* and k* represent the Stefan-Boltzmann constant and the
mean absorption constant, respectively. Conditioning the value of T** significantly small, one
can linearize Equation (4) such that;

T* = (6(G — Tp) + To)*. ©)

The follow-on dimensionless quantities are ascertained as:

_ ' _y v _TI'-T _ mH _ [gBH* (T - Ty)]
t—Hz,y—g,Pr—;,Q—ﬁ,Bu—F, r="u
6)
of H? u’ 40 (T,— ) T VoH (
M2: 0 ,u:—,R: (1 O)aCT: 0’ :0
v U Kk * L—T v

As a result of Equation (6) in (1) and (2) subject to (3), the velocity and temperature
equations are streamlined as follows;
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2
6_u+Sa_u_a + Gr6 — M?u, (7
ot dy oy?

a6 a6 ﬁ 3_ 00
+S ] [1+3(CT+6)] +4R[CT+6][ay]7 ©))

and ease the initial and boundary conditions as:

t<0:u=0,6=0, for 0<y<1.

=0 98 = B.[1 — =
t>0:u=0, . =By[1—-6], at y=0. 9)
u=0,6=0 at y=1.

3 | ANALYTICAL SOLUTION

Indeed the Rosseland approximation described in Equation (8) turns the present physical
problem highly nonlinear and exhibits no closed-form solution. However, the resulting steady-
state solution of MHD heat transfer within a radiative porous channel due to convective
boundary conditions can be useful in validating the numerical result of the coupled nonlinear
time of MHD heat transfer within a radiative porous channel due to convective boundary
condition. Therefore the baseline Equations (7)-(9) can be visualized in steady form for velocity
and temperature, respectively, as;

du d?u
S=— = —— + Gr6 — M.
dy dyz r u (10)
PSd—e 1+—(C +9)3]d—9+4R[C +6]2(de) (11)
dy dy? dy

With the following boundary conditions:

doe
at y=0, u=0,-—=B;(1+ ).
- (12)

aty=1, u=0,0=0.

Implementing the regular perturbation (R < 1) method the velocity (u), and temperature
(6) are approximated as;

u®) = ), Ru(y), (13)
J=0
J=0
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Switching Equations (13) and (14) into (10) and (11), respectively, and drooping the higher
powers of R>1 the required steady-state solution for u(y) and 6(y) subject to boundary
condition (12) reads:

Lt(y) = e + aye?’ + ay + a26€P'Sy + R(G21€x3y + Gpe*Y + Gy + G24€P’Sy + Gys

(15)
yeP'Sy + GzﬁeZP'Sy + G27e3P'5y + G2864P'Sy).

G(y) =ap; + azzeprsy + R(d21 + dzzeprsy + d23 yeP'Sy + d24e2P'Sy + d25€3P'Sy + d2664P’Sy).

(16)

The steady-state skin friction at the boundaries is:

du
o= —/— = ap3%1 + (X + WBS + ReyXs + RexnXos + Rk P.S + Rk + 2Rk B
dy |,
y=0 (17)
S + 3RkysB.S + 4Rk P.S.
du X X BS X X BS
0= = apXp e + ayuXne*” + ayh 7 + Reynxze’s + ReypXue* + Rkp By
Y |,
y=1 (18)

+ sz3BS€BS + szgeP’S + 2Rk24BZP'S + 3szsB«S€3P’S + 4Rk26E~4P’S.

While the steady-state Nusselt number at the same boundaries becomes:

dé
Nuo = E =apPS+ RdzzPrS + Rd23 + 2Rd24PrS + 3Rd25PrS + 4Rd26PrS (19)
=0
Nu1 = Z—e = a22PrS€P’S + RdzzPyPrS + Rd23B«S€P'S + Rd23eP’S + 2Rd24PrZPrS + 3Rd25
Vly=1 (20)

B3ES + 4Rd26PrSe4P’S.

4 | NUMERICAL EXPLANATION

As the mathematical prototype (7 and 8) capturing the present physical situation are coupled
and highly nonlinear, the present work can be nicely solved via the unconditional (Implicit)
finite difference method.

"t —u/ " S”ij+1
At 2Ay

—ul, ulh =2/ + ufl 2, j
= — M?u/ + Gré/,
[ (Ay)2 i i (21)
6/*' — ¢/ + Seij—l - 64
At 2Ay

, o}
r (Ay)2 22 27y . (22)

j+1 i+1 i+1 j
_ llei]—1 - 20" + 6/} } + (eij—l_
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With boundary condition

391“ + 46’“ A B [1 o j]
= il - 071,
’ I ofor all i=o.

(23)

—36/%! + 461+1 — /1! ;

|: 1 i+1 — Bil [1 _ eij]’

uj, = 0,6 =0.
In summary, Equations (21)-(23) can be rewritten as;

Bu/tt + B/ +Buft = nul | —nut o, + Q= AtMPu! + AtGré), (24)

. . . . N2
A + AGT + A6 = Prof + Prnb/,, — Primbl +zum (Gﬂ_l - @ij+1) . (25)

AS the values of 8] and 8J*" at y = 0 are not defined from the boundary condition (23), one
can modify Equation (25) using (23) for i = 1 to have;

4 —2AyB ; ; 4 —2AyB
(%Al + Ac)ef“ + ( ;= %)92“1 + %A,Aan = (Pr - % }

.4 P2

6/ + —Prrlezj - —Prr1 AyBi +2, 13 (26)
4 —2AyB; ’

(% —62 + AyBu) :

The Scheme is convergent, unconditionally stable, and does not impose restriction (AAyZ)

mesh ratio, hence having the initial guess of 8 at grid (¢ =0) points, the system is reduced
into a tridiagonal matrix and the temperature field (t;,; = t; + &t) obtained is a reference to
the identified values of the preceding time = ¢; for alli = 1, 2, ...M. Hence, the acknowledged
value of the temperature field obtained (.1 =t; + 6t) is used to evaluate velocity. This
procedure is updated until the essential solutions (6 and u) are achieved at the merging
benchmark:

|(u, e)exact - (u, e)numl < 10_4- (27)

5 | RESULT VALIDATION

Figure 2A,B show the comparison between the numerical solution (unsteady) and that of the
analytical solution (steady-state). Under some limiting criteria, the two results were found to be
in agreement at a large value of time. This clearly guarantees the robustness of our numerical
scheme.
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FIGURE 2 Upshot of steady/transient state velocity u(y, t) outline
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FIGURE 3 Upshot of convective boundary condition on velocity u(y, t) outline

6 | RESULTS AND DISCUSSION

The result of steady and transient solution of MHD heat transfer is ascertained. The impact of
the appropriate nondimensional flow parameters has been deliberated using line graphs as
shown in Figures 2-19 in the form of velocity, temperature distribution, skin friction, and
Nusselt number profiles. All the pertinent parameters are chosen arbitrary with the fixed
default as M =1, R=0.0001, C; = 0.01, B;; = 0.5, S = 0.1, and —0. 5 < Gr < 5. 0 while the
working fluid parameter (the Prandtl number) Pr = 0.71 and 7.0, which physically represent air
and water, respectively.
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FIGURE 5 Upshot of R on velocity u(y, t) outline

6.1 | Velocity profile

Figures 3-6 give highlights of velocity profiles due to pertinent parameters. The comparison
between the present work and that of Isah et al.'® is shown in Figure 3. Essentially, it is
observed that the convective (Biot number) parameter boosts the values of velocity in the
present work. This physically indicates that for the high value of the Biot number the internal
heat resistance in the channel is high than the external resistance, hence it assists the velocity
and can as well act as a stabilizer. Interestingly as the Biot number increases the result of the
present work approaches that of Isah et al."® Figure 4A,B examines the retarding effect of the
magnetic parameter (M) on the velocity outline. This physically reveals that as the magnetic
field increases it expands the magnetic strength and it additionally upsurges the fluid particle,
so velocity diminishes. Figure 5A,B represents the outcome effect of the radiation parameter.
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FIGURE 7 Upshot of convective boundary condition on temperature 6(y, t) outline

The velocity outlines improved, since thermal radiation accelerates the fluid velocity, through
the boundary layer field. Figure 6A,B shows the influence of the suction/injection parameter
(S) on the velocity outline. It is witnessed that the velocity of the fluid slows down due to
suction (S < 0) and injection (S > 0) at y = 0 while it fast tracks in the case of suction in contrast
with injection.

6.2 | Temperature profiles

Figures 7-10 indicate the effects of flow dimensionless parameters of the temperature outline.
Figure 7A,B illustrates the present work temperature and that of Isah et al.'® extended
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FIGURE 9 Upshot of Cr on temperature 6(y, t) outline

literature. It is observed that as the Biot number is growing bigger the temperature of the
present is approaching that of Isah et al.'® Figure 8A,B indicate the effect of radiation
parameters on temperature outline. In Figure 8A, it is apparent that an increase in thermal
radiation parameter leads to an increase in temperature within the boundary layer with higher
impact (Pr=0.71) at a smaller value of time t. Figure 9A,B brings forward the action of
temperature difference Cr on temperature outlines for air and water, respectively.
As temperature difference is a measure of the relative amount of internal energy within two
bodies, then the high the temperature difference the high the temperature. Figure 10A,B show
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the influence of suction/injection parameter S on temperature outline. It is observed that
temperature declines due to both suction and injection.

6.3

| Skin frictions

Figures 11-16 show the influence of Cr, B;;, Gr, M, and S on skin friction at heated and cooled
walls. Figure 11A,B describes the action of temperature difference Cr and time ¢ on the skin
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friction at the heated plate (y = 0) and cooled plate (y = 1), respectively. It is established that skin
friction enhances with increasing Cr and ¢ until it attained a steady state. It is also clear that the
extent of skin friction on the convective wall (y=0) is high than the values of skin friction
(nonconvective wall) at y = 1. Figure 12A,B shows the influence of B;; and time ¢ on skin friction at
y = 0 and y = 1, respectively. The result revealed that skin friction enhanced with increasing B;; on
both walls. Furthermore, the magnitude of skin friction at the convective plate is higher than that of
the nonconvective plate at the same value of time ¢. Figure 13A,B shows the impact of Gr on skin
frictions at y=0 and y =1, respectively. Changed values of Grashof (Gr > 0) number contributes to
increasing the buoyancy force as well as decreasing the viscous forces subsequently the skin friction
enhances. The presence of a convective property is attributed to the higher value of skin friction at
vy = 0. Figure 14A,B represents the profile of skin friction against Cr for chosen values of magnetic
parameter M. Retarding force is dignified on skin friction when the magnetic parameter is increased
and advanced with assisting values of Cy.
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6.4 | Nusselt number

Figures 17-21 indicate heat transfer outlines in form of Nusselt number. Figure 17A,B shows
the effects of time ¢ and temperature difference Cr on Nusselt number at left and right plates. It
shows that the Nusselt number decreases with increasing time and temperature difference at
the left plate (y =0) and attains a steady-state for secure values of other monitoring
parameters; whereas it enhances with increasing time and temperature difference at the right
plate (y = 1) and also attains steady-state. Figure 19A,B display the effect of B;; and time ¢t on
Nusselt number on the left and right walls, respectively. Nusselt number declines when Bj;
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FIGURE 20 Nusselt number (Nu,;) against B; with changing values of R

increases at the left wall (y=0) and takes the opposite trend at the right wall (y=1).
Figure 17A,B illustrate the Nusselt number against B;; due to the influence of the suction/
injection parameter (S > 0). Heat transfer in form of Nusselt number enhances as B; and S
increase at y = 0 with an opposite reaction at y = 1. Figure 19A,B paints the impact of B; and R
on the Nusselt number for the fixed value of the remaining controlling parameters. It is
observed at y = 0, the Nusselt number declines with growing values of B;; and R and later at
vy =1. Figure 21A,B is a demonstration of the Nusselt number when B;; and Pr are increased. At
the convective boundary (y = 0) the Nusselt number tends to grow with large values of B;; and
Pr with converse behavior at y =1.
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7

| CONCLUSION

The steady/transient solution of MHD heat transfer flow within two porous walls aided by
convective boundary conditions has been deliberated using appropriate embedded parameters.
The results of the study are in form of velocity, temperature, skin friction, and Nusselt number.
The finding revealed that:

i.

ii.

iii.

iv.

The convective boundary condition significantly affects the velocity, temperature, skin
friction, and Nusselt number.

The velocity, temperature, and skin friction decay with increasing S and M while the
Nusselt number upsurges with S at y =0 and falls at y=1.

The period taken to reach a steady-state in the case of water (Pr=7.0) is significantly
higher in comparison with air (Pr=0.71).

The analytical and numerical results merged for a large value of time ¢ and the result of the
present work appears to approach that of the extended literature for a large value of Biot
number.
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