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ABSTRACT

In this paper, the authors establish some inequalitieslving the g-extension of the classical Gamma
function. These inequalities provide bounds for certaitios of theg-extended Gamma function. The
procedure makes use of geometric convexity and moiudty properties of certain functions associated with
theg-extended Gamma function.
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1 Introduction and Preliminaries

In recent years, the theory of inequalities has develaped & collection of isolated formulas into a vibrant
independent area of research. This is manifested by theyencer of several new journals devoted to this
area of research. Particularly, inequalities involvepecial functions have been studied intensively by
researchers across the globe. In this study, we estadaime new inequalities involving tlgeextension of
the Gamma function. Before we present our results,seecall the following definitions pertaining to the
results.

The classical Euler's Gamma functidn(X) is usually defined forx > Q by

_ Fexiat g n!n*
r(x)—lt g'dt= m{x(x+1)m(x+ n)]
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It is well-known in literature that the Gamma function sitssthe following basic properties.

rMx+)=x(x), xd R (1)
rn+)=nl, nOZ (2)

Let ¢(X) be the digamma or psi function defined f&>0 as the logarithmic derivative of the Gamma
function. That is,

P =Snr(g=c
r(x
The following series representations hold truelﬂ(rx) , x>0 [1].
W00 =y (DY =y ®
5 (@+n)(n+X) X &= nnt 3y

where )/ is the Euler-Mascheroni’s constant given by

y=1lim (Z%—In nj =—(1) =0.577215664- @)
=2 k=
Let rq(x) be theg-extension (also known asjanalogue,g-deformation org-generalization) of the

Gamma function defined fox >0 and for fixedq [1(0,1) by (see [2,3] and the references therein).

0 n+l 00
1-x l_ q — (11— A\ X

T == [] o

Similarly, I, (X) satisfies the following properties [4].

M (x+)=[¥,M(¥, xOR (5)
r,(n+)=[n] !, nOZ (6)
_1-q : . : .
Where[X]q = 1 . Note that equations (5) and (6) are respectivelyjtegtensions of equations (1) and

@).

Likewise, theg-extension of the digamma function is defined $o& 0 and q[1(0,1) as the logarithmic
derivative of the functiorl ,(X) . That s,

M, (%)

z//(x)— Inr()—r (x)'
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It also exhibits the following series representations {5¢56] and the related references therein).

n+x

w09 =-n@- o)+ na3 -4
" @)

== ina ) (m Bt

The functiong/, (X) is increasing forx >0 [7, Lemma 2.2]. Also, folq>0 and X>0, ¢ (X) has a
uniquely determined positive root [8, Lemma 4.5].

Further, let)/, be theg-extension of the Euler-Mascheroni's constant (see [9-ThRn,
. 51
YV, =lim| > ——~In[n], | =-@{1)
n-e k=1 [k]q
The following limit relations are valid (see [10-12).
im0 =109, limy, () =(x and limy,=y.
Remark 1.1.Unlike the value of)/ which is fixed, the valug/, varies according to the value of. Tables
of some approximate values ¢f, can be found in [9,10].

By taking them-th derivative of (7), it can easily be shown that

X

[ nmqn
— 1
W™ (x) = (Ing)™ Zl——”x
n=1 q
for m=1. The functions(//ém)(x) are called thg-extension of the polygamma functions.
Definition 1.2. ([13-15]). Let f :1 [ (0,0) — (0,0) be a continuous function. Therf, is said to be

geometrically (or multiplicatively) convesn | if there existn=2 such that one of the following two
inequalities holds:

f () < FO0) F(%) ®)

f(ljx”i]slj[f(x)]* ©

n

where X, X,,++, %, 0 | and A, A,,-+,A, >0 with ' A =1. If inequalities (8) and (9) are reversed,
i=1

then f is said to bgeometrically (or multiplicatively) concawn | .
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In 1971, Keki¢ and Vast [16, Theorem 1] established the double inequality

Xt r(n_ Xd
< <
y’ e Ty y”

(10)

[N

for X= y>1, by employing the monotonicity properties of certain functionslving the Gamma
function.

Also, in 2007, Zhang, Xu and Situ [15, Theorem 1.2] esthbli the double inequality

X ylg(y)-In y] A(3-n %
ol e e
y'Ly ry vy

for x>0 and Y>0, by using the geometric convexity of a certain function relate the Gamma
function, and as a byproduct, inequality (10) was recovered.

Furthermore, in 2010, Krasnigi and Shabani [13, Theorem 3d8 @stablished the following related
inequality for thep-Gamma function.

y[1+(y)] AL+ (R]
(X
[ EJ o < p(X) < [lj g (12)
y r.(y) \y

for x>0 and y>0.
For more information on inequalities of this nature, coeld access the review article by Qi [17].

Lemma 1.3.Let f ;| [J(0,00) - (0,00) be a differentiable function. Thefi is said to be geometrically

Xf'(X
convex if and only if the functicm% is non-decreasing.
X
Lemma 1.4.Let f ;| [J(0,00) - (0,0) be a differentiable function. Thefi is said to be geometrically
yf'(y)
f(x X\ f»
convex if and only if the functio?% > (—J holds for anyX, yU | .
y y

For proofs of Lemmas 1.3 and 1.4, see [14].

The purpose of this paper is to establish some relategliatibes for theg-extension of the Gamma
function, by using geometric convexity and monotonicity featofertain functions associated with tire
extended Gamma function. We present our results in the follosecigon.
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2 Main Results
Theorem 2.1.Let X=1, y=1and q[J(0,1). Then the double inequality
Y —m—qqy+wq(y) a-q” X —'n—qqqu(X) a-q”
[ij - ]e[ e ]s—rq(X) SEEJ - J e( a ] (13)
y ra(y) \y
holds true.

Proof. Define a function f for x=1 and qO(0,1) by f(X)=éx]“l_q()9. Then,

(In q)q*

Inf(X)=[¥, +InT (N which implies (())—[ Nyt (R =————+¢ (.
That further implies,

X'(¥ - _,(nad ,

( 0 ] 1-q + X, (X yielding,

X'(9) __((nad, (ndd

o) e JW"(X)W“(X)

_(ng)q* _ (Ing’ cr
g X 1-q In(kq ¥ (Ian e (Inqz)Z
] T+ xin q)zzln_%
- In(tq )Fi[(m q)q”xf_nq)fln 9 dx}z 0
Thus, X: '((X);) is non-decreasing. Therefore, by Lemmas 1.3 and f.4is geometrically convex, and
M
f () ( .
consequently———- = resulting to
fly) \y

RN (9 ([ +we( )

() (yj 14°
and

dhar ) ([ w(%)

e[x]ql— (X) (Xj (15)
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X

q

—_qY
Combining (14) and (15) concludes the proof of Theorem 2.1.r@bseat[y], —[ § , = 1 g .
-q

Corollary 2.2. For X>0 and q[1(0,1), the inequalities

g1 (A Pl eqx[ql-_{]a] _Ta(x+) _(x+1 ) eq*[qlf
X+3 T (x+1) T x+d

] (16)
are valid.
Proof. This follows directly from Theorem 2.1 by substitutitgby X+1, and Y by X+%.

Theorem 2.3.Let X>0, y>0 and @ = X , where X" is the unique positive root @Y, (X). Then for
fixed q[1(0,1), the double inequality

y(%“ﬂq (y+a)) x(2at vy, (x+a))
ey‘x—(X+a) (l(j < Mo(x+a) <e* (x+a) [_Xj (17)
(yra)ly r,(y+a) (y+ta)l y
holds true.
eT ,(x+a)

Proof. Define a functiong for X >0 and q[J(0,1) by g(X) = Then,

Ing(X) = x+Inl",(x+a)—In(x+a). This impliesw =1+ (X+a)- :
g(x) d X+a

Then,

xg'( _ X
g(x) Xt (x+a) X+a

from which we obtain,

xg'(%) ) :
=1+ X+a)+ X+a)-— >
[ g(X)J Yo (x+a)+xp,(x+a) (x+ )’
Thus, Xg(())() is nondecreasing. Therefore, by Lemmas 1.3 and@.45 geometrically convex, and thus
g(Xx
yg
8%
@ = —XJ gy . Consequently, we obtain
ay) \y
(y+a)eT(x+a) _(x Wt (yvan)
(x+a)el (y+a) \y
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and

(x+a)eT (y+a) ( ij(*:i’;1+wq<x+a))
(y+a)eT (x+a) \ x

concluding the proof of Theorem 2.3.

Theorem 2.4.Let X> Y >0. Then for fixedq [1(0,1), the double inequality

e < Fa® e (18)
Fa(y)

holds true.
Proof. Define a functionh, for t >0 and qJ(0,1) by h,(t) =Inl" (1) . Let (Y, X) be fixed.
Then, by the well-known mean value theorem, there exi§tEl (Y, X) such that

Inl",(}) = Inl",(y)
X-y

hy(0) =

implying,
)

=L
YOS

Sincey/, (t) is increasing fot >0, then forcLI( Y, X) we obtain

1 T,
—| .
Y, (y)< ynr o) <¢,(¥

That is,

M,
r,(y)

Exponentiating yields the desired results.

(X= (Y <In <(x= Y, (3.

Remark 2.5. The double inequality (18) provides theextension of [15, Corollary 1.5] and [18, Corollary
2].

Corollary 2.6. For x>0, #£>A >0 and q[(0,1), the inequalities

(=A)q (x+2) < rq(X+'u) < H=AWpq (x+ 1)

e (19)
[ (x+A1)
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hold true.

Proof. This follows directly from Theorem 2.4 by substitutidgby X+ 4/, and Yy by X+ A.

Remark 2.7.1f we set /=1 in Corollary 2.6, then we obtain tlygextension of the result of Laforgia and
Natalini [19, Theorem 3.1].

Corollary 2.8. For X>0 and qUJ(0,1), the inequalities

ealed) Fa(x+1) < gt (20)
r (x+ 3)
hold true.
Proof. Follows from Theorem 2.4 by substituting by X+1, and Y by X+%.
Remark 2.9.By virtue of relation (5), inequalities (20) can be ranged as
1 q eZwCI X+ %) < rq(x) < 1_ q e%wq(XH-) ) (21)
1-q° Fa(x+3) (1-q

Remark 2.10.Results similar to inequalities (16) and (20) can bis@ound in [20-22].
3 Conclusion

In the paper, the authors have established some inequaliti¢sefg-extension of the classical Gamma

function. The results provide generalizations for seyen@lious results. The findings of this research could
provide useful information for researchers interestagianalysis in particular, and the theory of inequalities
in general. In addition, a further research could be conductsédet if similar results could be obtained for
other special functions like thg-Beta andg-Psi functions. This could further expand the potential
applications of our results.
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