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Abstract

In this paper, we present some generalizations of the inequalities
presented by the authors in [4].
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1 Introduction

The classical Euler’'s Gamma function, I'(¢) is commonly defined as
I(t) = / e "2 da, t>0.
0

The digamma function ¢ (t), also known as the psi function is defined as follows.

$(0) = 4 n(r(0) =

The (p, ¢)-analogue of the Gamma function, I', 4y() is defined by Krasniqi and
Merovci [2] as

[pl; [p],!
t+ 1]y [t + Pl

F(P,Q)(t) = [t] [ t> 07 p € N7 q € (07 ]-)
q
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where [p|, =

The (p, ¢)-analogue of the digamma function, ¢, q)(t) is also defined as follows.

F,(qu) (t)
Lpg) (1)
Also, the (g, k)-analogue of the Gamma function, I'(yx)(t) is defined as (see

[11,[3])

d
¢(p,q)(t) = i ln(r(p,q) (t) =

Ligr(t) = Sl )3"“ = 0= 7y —, t>0,q€(0,1), k>0.
(I-g)r " (1—-g)p(—g)!

Similarly, the (g, k)-analogue of the digamma function, 14 x)(t) is defined as
F/

o _ Dlgn(®)
V(g k) (t) = 7 ln(F(q,k) () = I (1)

The functions 1(t), Yp,q) (t) and 1)k (t) as defined above possess the following
series representations.

- 1
H=—v+t-1y ———— 1
O R D W ey ey (1
p qnt
Vi) (£) = Inlply + (Ing) Y T (2)
n=1
—1In(1 —gq a ant
A )y @)
n=1 q
where 7 is the Euler-Mascheroni’s constant.
Recently, Nantomah and Prempeh [4] established the following results.
e () _ Ia+1t) 00D (a + 1) (1)

Plilpg(a)  Teglat+t) [plitlepqgla+1)

for t € (0,1), where p € N, ¢ € (0,1) and « is a positive real number such
that o +¢ > 1.

-tr r t V(A-H7 1
e (a) - (v +1) - e (a+1)

- ; (5)
(1—q) #Tgmla) Tamla+t) (1—q) x0T n(a+1)
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fort € (0,1), where ¢ € (0,1), £ > 0 and « is a positive real number such that
a+1t>1.

The objective of this paper is to present some generalizations of the above

inequalities.

2 Preliminary Results
Lemma 2.1. Leta>0,b>0 andt > 1, Then,

ay + bIn[pl, + ah(t) — bibp.g)(t) > 0.

Proof. Using the series representations in equations (1) and (2) we have,
ay +blnply + a)(t) — g (t)
p

- g
t_lzn+1 (n+1) lnqgl

n:O

Lemma 2.2. Leta>0,b>0 and a+ 5t > 1. Then,

ay + bln[ply + ay(a + Bt) — by q (e + Bt) > 0

Proof. Follows directly from Lemma 2.1.

Lemma 2.3. Leta>0,b>0 andt > 1, Then,

In(1—q)

ay—>b ?

+a(t) — b ) > 0.
Proof. Using the series representations in equations (1) and (3) we have,

D) 6 — b (1)

k
alt—1)y ——— — (1
Z (n+1)(n+t) nq;l

n=

ay—>b

Lemma 2.4. Leta>0,b>0 and o+ 5t > 1. Then,

In(1—q)
k

Proof. Follows directly from Lemma 2.3.

ay—>b + ap(o + Bt) — bipg (o + Bt) > 0
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3 Main Results
Theorem 3.1. Define a function F by

e (o + Bt)?
[p]q_bﬁtr(p,q)(a + Bt)b’

F(t) = t € (0,00),pe N, qe(0,1) (6)

where a, b, a, B are positive real numbers such that o+ St > 1. Then F is
increasing on t € (0,00) and the inequalities

e () _Tla+p)° e (a + B)°
[p]gﬁtr(p,q)(a)b L) (O‘ + ﬁt>b [p]gﬁ(t_l)r(p,q)(a + 5)1)

(7)

are valid for every t € (0,1).
Proof. Let p(t) =1n F(t) for every t € (0,00). Then,

T (o + Bt)"
—n—°
:U’(t> n [p];bﬁtr(p,q)(a + Bt)[,
=apyt +bptInpl, + alnT'(a+ Bt) — bInl'(, o (o + B).

Then,

' (t) = aBy + 0B In[pl; + afip(a + pt) — b (o + 5t)
=4 [av +bln[ply + av(a + Bt) — bippq) (o + ﬁt)} > 0

by Lemma 2.2. That implies p is increasing on ¢t € (0,00). Hence F' is
increasing on ¢t € (0,00) and for every ¢ € (0,1) we have,

F(0) < F(t) < F(1)
concluding the proof.

Corollary 3.2. Ift € (1,00), then the following inequality is valid.

['(a+ pt)” e =D (o 4 3)*
Cpaga+ 80" " P00, (a+ B)

Proof. If t € (1,00), then we have F'(t) > F(1) concluding the proof.
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Theorem 3.3. Define a function G by
e (o + Bt)?

Bt ’

(1—q) % Digm(a+ Bty

where a, b, a, B are positive real numbers such that o+ 5t > 1. Then G is
increasing on t € (0,00) and the inequalities

e PN (a)® _ C(a+ pt)* _ e = (o + )2
_ bt bB (1
(1—q) F Tigm(@)?  Tamla+B0" (1 —¢)F 00T 4 (a+ f)b

G(t) = te(0,00), g€ (0,1), k>0  (8)

(9)

are valid for every t € (0,1).

Proof. Let A(t) =1InG(t) for every t € (0,00). Then,
e (o + Bt)?

(1— )% Tigpy(a + Bt)?

bBt
= afyt — %ln(l —q)+alnT(a+ Bt) = bInT (o + Bt).

A(t) =1In

Then,

N(t) = ay — 2 (1~ g) + aBula+ B1) — b3 (a+ 51

=0 |ay — %mu —q) + a(a+ ft) — bipgry(a+ Bt)| >0

by Lemma 2.4. That implies A is increasing on ¢ € (0,00). Hence G is
increasing on ¢ € (0,00) and for every ¢ € (0,1) we have,

G(0) < G(t) < G(1)
yielding the result.
Corollary 3.4. Ift € (1,00), then the following inequality is valid.

['(a+ pt)” eI (o + )2
Pigm(a+ B8 ™ (1 q) RO (o + )

Proof. If t € (1,00), then we have G(t) > G(1) yielding the result.

4 Concluding Remarks

Remark 4.1. By setting a = b = [ = 1, then the entire results of the paper [4]
are obtained as a special case. We have thus generalized our previous results.
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