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1. Introduction and preliminaries

The classical Euler’s Gamma function I'(7) and the digamma function y(z) are commonly

defined as

['(r) :/ e ! dx, y(t) = ilnl“(t) =
0 dt
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with the (g,k)-digamma function, v x(¢) is defined as
()
Lou(t)’

Also in 2012, Krasniqi and Merovci [2] gave the (p,g)-Gamma function, I', (1) as

d
Wk(t) = % —InLy () = t>0,k>0,q€(0,1).

I),(t) = , t>0,peN,qe(0,1),

][t +1]4... [t 4+ plq
,ql’

where [p], =

Similarly, the (p,q)-digamma function, Y, 4() is defined as

D1
Lpq(t)’

The functions y, «(¢) and v, 4(¢) as defined above exhibit the following series representations.

d
Wp,q(t):_lnr () t>07pEN7q€<O>1)‘

dt

—In(1—g¢ = g™
(1) Y r(t) = n(k +(Ing) Z >0,
14 qnt
2) Wpq(t) =In[ply+ (Ing) Y - t>0.
n=1

By taking derivatives of these functions, it can easily be established that

> nk.q"™
3) Vi) = (ng)” Y = 1> 0,
n=1 q
, ) P n‘qnt
@ Vpol) =(ng)* ), 7= 5. 1>0
n=1

In [3], Nantomah presented the following results for the digamma function.

(@) _ [yla+bn)” _ [y(a+b)”
()P ~ ly(c+dn)’ ~ [y(c+a)P

where a, b, ¢, d, o, B are positive real numbers such that Bd < ab, a+bt < c+dt, y(a+bt) >0

&)

IN

and y(c+dt) > 0. The k-analogue of these inequalities can be found in [4].
The purpose of this paper is to extend inequalities (5) to the (¢,k) and (p, g)-digamma func-

tions.

2. Results and discussion

We now present the results of this paper.
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Lemma 2.1. Let 0 < s <t, then the following statement is valid.

Vg k(s) < Wau(t).

Proof. From (1), we have

oo ans . ant
Vaals) - alt) = o) T | =] <.
n=1

Lemma 2.2. Let 0 < s <t, then the following statement is valid.

Vi (s) > ‘I/(;,k(t)-

)

Proof. From (3) we have,

> n nks __ _nkt
V() — W) = (1ng)? ¥ [M} > 0.

n=1 - an
Lemma 2.3. Let a, b, ¢, d, &, B be positive real numbers such that a+ bt < c+dt, Bd < ob,
Vyk(a+bt) > 0and W, (c+dt) > 0. Then

abyyi(c+dt)y, (a+bt) — Bdyy (a+Dbt)y, i (c+dt) > 0.

Proof. Since 0 < a+ bt < c+dt, then by Lemmas 2.1 and 2.2 we have
0 < wyyrla+bt) <y, i(c+dt)
and

v, x(a+bt) >y, (c+dt) > 0.

This implies
Vou(c+dn)y, (a+bt) > Wy i(c+dt)y,  (c+dt)

> Wy u(a+br)yy (c+dt).
Further, b > Bd implies

(Xbllfq,k(C+dt)l/I;7k(a—{—bt) > abll’q,k(a+bt>‘l/6]7k(€+dt)

> Bdyula+ by, (c+dr).
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Hence, we have

abyy i (c+dt) g (a+bt) — By, i(a+bt)yy (c+dt) > 0.

Theorem 2.4. Define a function G by

© Gy Warlet Ol g )

[y x(c+dr))”
where a, b, c, d, @, B are positive real numbers such that a+bt < c+dt, Bd < ab, Y, x(a+

bt) > 0 and Y, x(c+dt) > 0. Then G is nondecreasing ont € [0,o0) and the inequalities

(7) H%K@Txgﬁwﬂa+mﬂ“§[mﬂm+bﬂ“

ar@)]” ™ [vgale+an]”  [ygaleta))’
are valid for every t € [0, 1].

Proof. Let g(t) = InG(¢) for every ¢ € [0,00). Then,

br)]®
g=1In Vaxla+br)] =alny,(a+bt) —BIny, i (c+dt)

[ i(c+dt)]”

and

' (a+bt ' (c+dt
) e Vasla ) (e
WQ,k(a+bt) WQ,k(C+dt)
aby, (a+bt)yy(c+dt) —Bdyy, (c+dt)yi(a+br) -
N Wq,k(a+bt)l//q,k(c+dt) N

as a result of Lemma 2.3. That implies g as well as G are nondecreasing on ¢ € [0,0) and for

every ¢ € [0, 1] we have
G(0) < G(r) <G(1)
concluding the proof.

Corollary 2.5. Ift € (1,00), then the following inequality is valid.

(8) [Wq,k(a-l-bl‘)}a > [l//q,k(a-l-b)]

[ka(c‘{‘dt)]ﬁ [qu,k(c_}'d)}ﬁ

o

Proof. For each 7 € (1,0), we have G(¢) > G(1) yielding the result.

Lemma 2.6. Let 0 < s <t, then the following statement is valid.

Vp.q(s) < Wpqt).
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Proof. From (2) we have

n.

i )4 q s_qnt
Wiglo) = ¥pg(0) = () ¥ | £ <0

Lemma 2.7. Let 0 < s <t, then the following statement is valid.
Vp.g(8) = W (1),

Proof. From (4) we have

)4 nla™ — nt
Voale) = ¥h(0) = (ma? 3 | "= 0

Lemma 2.8. Let a, b, ¢, d, @, B be positive real numbers such that a+ bt < ¢ +dt, Bd < ab,

Vpqla+bt) >0and y, ,(c+dt) >0. Then

by, 4(c+dt)y, (a+bt) = Bdy, (a+bt)y, (c+dt) > 0.

Proof. Follows the same argument as in the proof of Lemma 2.3.

Theorem 2.9. Define a function H by

©) H(r) = Wnglatb] [0,00),

[‘/’nq(c‘f’dtﬂﬁ
where a, b, ¢, d, a, B are positive real numbers such that a+bt < c+dt, Bd < ab, Yy, 4(a+

bt) > 0 and y, 4,(c+dt) > 0. Then H is nondecreasing on t € [0,0) and the inequalities

[Wp.q(a)] < [‘/’P,q(""‘bt)]a < [V’p,q(aerﬂa
[V’p,q(c)}ﬁ - [V’p,q(c"‘dt)}ﬁ N [‘Vp,q(chdﬂﬁ

are valid for every t € [0, 1].

a

(10)

Proof. Follows the same procedure as in Theorem 2.4. Using Lemma 2.3, we conclude that H
is nondecreasing on ¢ € [0,00) and for every 7 € [0, 1] we have, H(0) < H(t) < H(1) ending the

proof.

Corollary 2.10. Ift € (1,), then the following inequality is valid.

11 [‘l’p,q(a+bf)}a > [Wp,q(""’b)]z

[Wp,q(0+df)]ﬁ [Wpqlc+d)]

Proof. For each 7 € (1,00), we have H(z) > H(1) yielding the result.
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3. Concluding remarks

This section is dedicated to some remarks concerning our results.
Remark 3.1. If in (7) we allow k — 1, then we obtain the g-analogue of (5).

Remark 3.2. If in (7) we allow ¢ — 17, then we obtain the k-analogue of (5) as presented in

Theorem 3.7 of the paper [4].

Remark 3.3. If in (7) we allow ¢ — 1~ as k — 1, then we obtain (5).

Remark 3.4. If in (10) we allow ¢ — 17, then we obtain the p-analogue of (5).
Remark 3.5. If in (10) we allow p — oo, then we obtain the g-analogue of (5).

Remark 3.6. If in (10) we allow p — o as ¢ — 1, then we obtain (5).

Conflict of Interests.

The author declares that there is no conflict of interests.

REFERENCES

[1] R. Diaz, C. Teruel, g,k-generalized gamma and beta functions, J. Nonlinear Math. Phys. 12 (2005), 118-134.

[2] V. Krasniqi, F. Merovci, Some completely monotonic properties for the (p,q)-gamma function, Math.
Balkanica, New Series 26 (2012), 1-2.

[3] K. Nantomah, Some inequalities for the ratio of digamma functions, Le Mathematiche (submitted)

[4] K. Nantomah, M. M. Iddrisu, The k-Analogue of Some Inequalities for the gamma function, Electron. J.

Math. Anal. Appl. 2 (2014), 172-177.



