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Abstract

In this paper, we present the p-analogues of some inequalities con-
cerning the digamma function.
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1 Introduction and Preliminaries

We begin by recalling some basic definitions involving the Gamma function.

The classical Euler’s Gamma function, I'(¢) is commonly defined by
() = / e “a'~dr, t > 0.
0

The digamma function, t(t) is defined as the logarithmic derivative of the
Gamma function, that is,
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The p-analogue of the Gamma function, I',(¢) is defined by (see [1],[2])

plp’ P

L,(t) = = , eN, t>0.
o) tt+1)...(t+p) tA+7)...(1+73) b
Similarly, the p-digamma function, 1,(t) is defined as,
d I (t)
t)=—In(T,(t) = £ t > 0.
B0 = G0 =25 >

The functions v (t) and ,(¢) as defined above have the following series repre-
sentations.

¢(t):—7+(t—1)§:—, t>0.

1
wp(t):lnp_zn——l—t7 pe N, t>0.

where v is the Euler-Mascheroni’s constant. For some properties of these func-
tions, see [4], [2] and the references therein.

By taking the m-th derivative of the functions ¢(¢) and 1, (¢), it can be shown
that the following statements are valid for m € N.
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—1)™H ! —  t>0.
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m m— 1
%() ‘() = (=1) lm!E :(n+t)m+1’ PEN, t>0.
n=0

In a recent paper [3], Sulaiman presented the following results.

U(s+1t) = d(s) + (1) (1)

where ¢t >0 and 0 < s < 1.

WI(s + 1) < ™ (s) + (1) (2)

where m is a positive odd integer and s,t > 0.

WI(s + 1) > ™ (s) + (1) (3)

where m is a positive even integer and s,t > 0.

The objective of this paper is to establish that the inequalities (1), (2) and
(3) still hold true for the function 1), (t).
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2 Main Results

We now present the results of this paper.

Theorem 2.1. Lett > 0,0 < s <1 andp € N. Then the following inequality
holds true.

Up(s +1) 2 1hp(s) + (1) (4)
Proof. Let f(t) = ¢p(s+t) — p(s) — ¥p(t). Then fixing s we have,
F'(#) = (s +1) —h(t) = Zm - Zﬁ

:nz’:;o [(n+81+t)2 B (nit)2] =0

That implies f is non-increasing. Further,

Jim f(8) = Jim [l (s + ) = () = (0]

SN | S & 1
— lim |—1 N
&&[ np+;(n+s)+n:0(n+t) 2 (nts+1)
S S W U
=—In im -
Pridas|nrs) mtt) (mtsti)

Therefore f(t) > 0 yielding the result.

Theorem 2.2. Let s,t > 0 and p € N. Suppose that m is a positive odd
integer, then the following inequality holds true.

Ui (s + 1) < g (s) + o (). (5)
Proof. Let g(t) = 5™ (s +t) — 0™ (s) — 0™ (t). Then fixing s we have,

g(t) =D (s +1) — ()

= (=1)"(m + 1)!; [(n+s+t)m+2 - (n+t)m+2}

p

1 1

= —(m+1)! E [ — - — } , (since m is odd)
—l(nt+s+)"2  (n+o)mt

& 1 1
= (m+ 1)'Z {(n_‘_t)m—ﬂ - (n_l_s+t)m+2] > 0.

n=0
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That implies g is non-decreasing. Further,

lim g(t) = lim [ (s +1) — ;™ (s) — ™ ()]

t—00
p
1 1 1

= (=)™ 'm! i _ _

(=1)"""m! lim ~ [(n Fst )™ (nts)™  (n+ t>m+1:|

p
1 1 1

=mi - - for odd

A — {(n +s+ )™t (n+4s)mtl (n+ t)m+1:| , (for odd m)

p
1
=y ———— <.
m§<n+s>mﬂ—

Therefore g(t) < 0 yielding the result.

Theorem 2.3. Let s,t > 0 and p € N. Suppose that m is a positive even
integer, then the following inequality holds true.

G5 (s 1) = 08 () + 45 (1), (6)
Proof. Let h(t) = 5™ (s +t) — ™ (s) — 5™ (). Then by fixing s we have,

() =i (s + 1) — it (1)

p p

= (=1)"(m + 1)!; [(n+s+t)m+2 - (n+t)m+2]

p
1 1
= (m+1)! E [ — = —~ 2} , (since m is even)
“[(n+s+0)m  (n+t)mF

- 1 1
=(m+ 1} [(n+s+t)m+2 - (n+t)m+2] =0

n=0

That implies h is non-increasing. Further,

Jim A(t) = lim ["(s + 1) = 4™ (s) = 0" (1)

(=)™ tm! i S ! ! =
= (- m! lim — —
thoo i~ | (n+s+1)™  (n+s)™t (n+ )t
m! lim s { ! ! ! } (for even m)
= —m i m+l m+1 m+1 |’ rev
thoo i | (n+s+)™t (n+s)™tt (n+)mt

p
1
=m! — > 0.
mnz:%(n%—s)m“ -

Therefore h(t) > 0 yielding the result.
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