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Abstract

In this paper, we present the p, ¢ and k analogues of a certain
inequality established by Sulaiman in his paper. We also present a
generalization of this inequality.
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1 Introduction and Preliminaries

We begin by recalling some basic definitions involving the Gamma function.

The digamma function v (¢) is defined as

where I'(¢) is the well-known classical Euler’'s Gamma function defined by

It = / e o' da, t > 0.
0
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The p-analogue of the digamma function, v,(t) is also defined as

d I (t
i) = (T = 20 e
where I',(¢) is given by (see [2],[3])
L,(t) = P = r peN, t>0.

tt+1)...(t+p) tA+4)...(1+L)

Similarly, the g-analogue of the digamma function, ,(t) is defined as,

o d IR
q(t) = = m(Ty(t)) = ) t>0
where I',(t) is given by (see [4])
Lyt) =1~ q)l‘t}:[1 11__;:”, q€(0,1), t>0.

Also, the k-analogue of the digamma function, () is defined as

D a(Ta(t)) =

Yr(t) = 7

where I'y(t) is given by (see [1],[5])
o0 =k
Li(t) = / e”Faldr, k>0, t>0.
0

The functions ¥(t), ¥,(t), ¥,(t) and 1 (t) as defined above have the following
series representations.

)=+ (t—-1)) ————— >0
— ( 1+n Y(n+t)

zlnp—zn—ﬂ, pGN, t>0

1—q"

LS

Yy(t) = —In(1 — ¢) + (Ingq) Z
n=1

Ink — 1 t
wk(t):n 7__+Zw, k’>0, t > 0.
n=1

k t nk -+ t)
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where v is the Euler-Mascheroni’s constant. For some properties of these func-
tions, see [7], [3], [2] and [5] and the references therein.

By taking the m-th derivative of the above functions, it can be shown that the
following statements are valid for m € N.

- 1
m _ m+1
n=0

p

m m— 1
n=0

(m) _— N nmqnt

G = g™ty . g€ (0,1), t>0
n=1

m m - 1

n=0

In 2011, Sulaiman [6] presented the following results for s,¢ > 0 and for a
positive odd integer m.

P ()™ (£) > [ (s +1)] (1)

The objective of this paper is to establish that the inequality (1) still holds
true for the functions v, (¢), 1,(t) and ¢, (t). A generalization of this inequality
is also presented.

2 Main Results

We now present the results of this paper.

Theorem 2.1. Let s,t > 0 and p € N. Suppose m is a positive odd integer,
then the following inequality holds true.

PO ()M (£) > [l (s + 1)) 2)

Proof. We proceed as follows.

U (s) = B s+ 8) = (1)t Y

1 1
o [(n +s5)m 1 (n4s+ t)m+1}

1 1 . .
:m!ZO {(n—l—s)m“ - (n—i—s—i—t)mﬂ} (since m is odd)
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Hence,
P (s) = i (s + 1) > 0.

Similarly we have it that,
LI (t) > ™ (s + 1) > 0.

Multiplying the above inequalities yields,

P ()™ (1) = [0 (s + 1))

Theorem 2.2. Let s,t > 0 and q € (0,1). Suppose m is a positive odd integer,
then the following inequality holds true.

D ()i (t) > [0 (s + 1)) (3)

Proof. We proceed as follows.

r nmqns nmqn(s—i-t)

I
=3
)
~—
3
T
—

Y (s) = i (s + 1)

m,ns nt

m (™" —n™q".q
— (g Y [

X r,,m,ns 1 — g™t
:(lnq)m“Z n ql(_qnq )] > 0. (since m is odd)

n=1 "~

Hence,
P (s) = i (s + 1) > 0.

Similarly we have it that,
P (t) > Pl (s +1) > 0.

Multiplying these inequalities yields,

P ()l (1) = [ (s + 1))

Theorem 2.3. Let s,t > 0 and k > 0. Suppose m is a positive odd integer,
then the following inequality holds true.

™ () 2 (e (s +0)] (4)
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Proof. We proceed as follows.

G (s) = s+ ) = (1) “m!z [ (nk + )1 <nk+s+t>m+1}

_ i::[ LI L ] (since m is odd)

nk + s)mtl  (nk 4 s+ t)mtH!

> 0.

That is,
) (5) > ™ (s 4 1) > 0.

By a similar approach we have,

W () > G (s + 1) > 0.

Multiplying these inequalities yields,

™ 0 > [ s+ 1))

Theorem 2.4. Let a« € Z* and t; > 0 for each i. If m is a positive odd
integer, then the following inequality holds true.

f[w(’”) (t:) > [w(m) (it)] (5)

Proof. Proceed as follows.

B (1) — ™) (Zt) m“m'Z [ n+;)m+1 C (n+ Zzl_ )m“}

= 1
:m!nz:o [(n+t1>m+1 IR )m“} =0
Hence,
P () > m (Zt)

Continuing in a similar fashion yields,
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Y
o

Y
o

M@
s

I (tg) > ™)

2 (a )
=1

Y (t,) > ™ <a t,) 0.
=1

Multiplying these inequalities yields,

ffoer= o= ()]

Remark 2.5. If in (5) we set t; = s, t5 =t and a = 2, then (1) is restored.
Hence by this result, inequality (1) has been generalized.

References

[1] R. Diaz and E. Pariguan, On hypergeometric functions and Pachhammer
k-symbol, Divulgaciones Matemticas 15(2)(2007), 179-192.

[2] V. Krasniqi, T. Mansour and A. Sh. Shabani, Some Monotonicity Prop-
erties and Inequalities for I' and  Functions, Mathematical Communica-
tions 15(2)(2010), 365-376.

[3] V. Krasniqi and F. Merovci, Logarithmically completely monotonic
functions involving the generalized gamma function, Le Matematiche
LXV(2010), 15-23.

[4] T. Mansour, Some inequalities for the q-Gamma Function, J. Ineq. Pure
Appl. Math. 9(1)(2008), Art. 18.

[5] F. Merovci, Power Product Inequalities for the Ty, Function, Int. Journal
of Math. Analysis 4(21)(2010), 1007-1012.

[6] W. T. Sulaiman, Turan inequalites for the digamma and polygamma func-
tions, South Asian J. Math. 1(2)(2011), 49-55.

[7] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, Camb.
Univ. Press, 1969.

Received: March, 2014



