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THE k-ANALOGUE OF SOME INEQUALITIES FOR THE
GAMMA FUNCTION

KWARA NANTOMAH, MOHAMMED MUNIRU IDDRISU

ABSTRACT. In this paper, we present and prove the k-analogue of the Inequal-
ities obtained by A. Sh. Shabani [3] and N. V. Vinh, N. P. N. Ngoc [4]. We also
present some new results involving the k-analogue of the digamma function.

1. INTRODUCTION

We begin by recalling some definitions related to the Gamma function.

The classical Euler’s Gamma function, I'(¢) is defined as

L(t) = / e xttdr, t>0. (1)
0

The digamma function, ¥ (t) also known as the logarithmic derivative of the Gamma
function is defined as

d (1)

U(t) = S (D) =

t>0. (2)
The k-analogue of the Gamma Function I', () is defined as
Fk(t):/ooe_%xt_ldm, k>0, t>0. (3)
0
For several properties and other representation of I'y(t), see [].

Similarly, the k-analogue of () is defined as follows. (See [2])

wnlt) = o) = 29 k0 00 (1)
and
i Ty (1) = T(0),lim (1) = (0 (5)
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In an effort to generalize some ealier results, A. S. Shabani [3] established the
following.
I(a+0)" < I'(a+ bt)" < I'(a)"
I+ B)? ~ D(a+ Bt)7 ~ T(a)?’
where a, b, 7, a, 3, q are positive real numbers such that a+ bt > 0, « + gt > 0,
a+bt <a+ Bt 0<br<fqand (a+bt) >0 orp(a+ pt) > 0.

tel0,1] (6)

Also, by using the Dirichlet’s integral, N. V. Vinh and N. P. N. Ngoc [4] proved the
following results.

[T T a) _ [T T at) _ 1
L+3a) — T+, ait) ~ (D)
where t € [0,1],b>1, a; >0, n €N,

(7)

Our aim in this paper is to establish and prove the k-analogues of inequalities @
and (7)) presented in [3] and [4] respectively. Further, we present some new results
involving the k-digamma function.

2. PRELIMINARIES

Here, we give some Lemmas that will be used to aid the proofs of our main results.

Lemma 2.1. The function ¢¥(t) as defined by inequality has the following
series representation.

S k-4 1 (11
velt) = — _t+z(nk t+nk> ®)

n=1

where v is the Euler-Mascheroni’s constant.

Proof. In [1] and [2], we have the following representation of T'y(t)

dpoeeifeRe]

n=1

Taking the logarithmic derivative of @ gives

t t > t t

Lemma 2.2. Let s >0, t > 0 with s <t, then
Yi(s) < Y (t). (10)
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Proof. From , we have the following.

o0

W(S)lf}k(t)ii*Z(nlk s+nk) z_:<nk t+nk>
:Ss_t i(t+1nk 8-1—1nk)

_s—t O_O (s—1)
st +Z(s+nk)(t+nk) S

Hence the proof.
By differentiating , we have the following representation.
, . 1
wk(t)zgm, k>0, t>0. (11)
Lemma 2.3. Let s >0, t >0 with s <t, then
Ur(s) = Pr(t). (12)
Proof. From we have,

O =00 =3 o~ X

pnqg

3
I
=

Mg HMS

1
[nk+s a nk—i—t)?]

2nk(t — s) + (12 — s%)
(nk + s)2(nk +t)2

> 0.
0

ending the proof.
Lemma 2.4. Let a,b, a, 8 be real numbers such that a + bt > 0, a+ t > 0. Then
a—+ bt < a+ Bt implies Vi (a + bt) < Yp(a + Bt).

Proof. A direct consequence of Lemma [2.2]

3. RESULTS AND DISCUSSION
Now we state and prove the results of the paper. We begin with a Lemma.

Lemma 3.1. Let a,b,«, 8,7, q, be real numbers such that
a+bt >0, a+pPt >0 a+b < a+ Bt and g8 > rb. If Yg(a+ bt) > 0 or
Yr(a + Bt) > 0, then
rbr(a + bt) — qBr(a+ Bt) < 0.
Proof. Let ¢p(a+ bt) > 0, (o + Bt) > 0. Multiplying both sides of g8 > rb by
i (o + ft) yields
B (a+ Bt) > rbpg(a + Bt) > rbg(a + bt) (By Lemma .
Thus
by (a + bt) — qBk(a + Bt) <0
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Lemma 3.2. Let t € [0,00), a; >0, b>1, n €N then,
L+ait <G+ ait implies  Yx(1+ait) < Pp(B+ X1, ait).

Proof. A direct consequence of Lemma [2.2)

Theorem 3.3. Define a function 2 by
_ Tila+bt)"

U0 = Flat B

t €10,00)
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(13)

where a,b,r,a, B,q are positive real numbers such that a + bt > 0, o + 5t > 0,
a+bt < a+ Pt 0<br<fBqand Yp(a+bt) >0 or Yp(a+ t) > 0 then Q is

decreasing and for every t € [0, 1], the following inequalities hold.

Ti(a+b)" < I'i(a+bt)" < Tk (a)”

Pe(a+B)1 = Tr(a+ pt)7 ~ Ti(a)e
Proof. Let u(t) = InQ(t) for every t € [0,00). Then,
I'i(a+bt)"

=g o Boe
=rInTy(a+bt) — ¢InTi(a + St)
Then,
iy g Tpla+bt) ) Th(a+ Bt
v =brr e P+ B

= bripg(a + bt) — Bayr(a+ ft) < 0. (by Lemma |3.1)).

(14)

That implies u is decreasing on ¢t € [0,00). Hence, 2 is decreasing for every ¢ €

[0,00). Then for every ¢ € [0, 1] we have,
Q1) <Q@1) <Q0)  yielding,

I'v(a+0b)" < Ti(a+bt)" < Tk(a)"
Pi(a+B)? ~ Ti(a+ )2~ Ti(a)®
Corollary 3.4. Ift € (1,00), then the following inequality holds.

I‘k(a—kbt)r < Fk(a+b)T
Tula+ A7 = Tila + B)T°

Proof. If t € (1,00), then we have Q(t) < Q(1) yielding the result.

Theorem 3.5. Define a function ® by

_ H?:l I (1+ ait)
() = Tie(b+ 07 ait)’

t €[0,00)

(15)

where b > 1, a; > 0, n € X. Then ® is decreasing and for every t € [0,1], the

following inequalities hold.
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H? 1Fk(1 +ai) < H?:l Fk(l +ait)

EJMAA-2014/2(2)

1

7 <
Ce(b+ 300 ai) — Tw(b+ Y00 ait)

Proof. Let v(t) = In ®(¢) for every ¢ € [0, 00). Then,
TRl it
’U(t) —In Hz:l k( n+ a )
Lp(b+ 2 imy ait)

=InJ[Te(l+ait) —InTe(b+_ait)

i=1 i=1

Then,

Tw(b)

1 ait)

) B n F/(1+a1) n F/(b+zz
/0 =3 (virran) - <Z> Ceb+ X oit)

=1

3

(azwk 1 + az (Z az) '(/)k b + Z az

V(1 + ait) — (b + Z a;t)
i=1

1

7

a;

[

i=1

(by Lemma [3.2).

(16)

That implies v is decreasing on ¢t € [0,00). Hence, ® is decreasing for every

t € [0,00). Then for every t € [0, 1] we have,
D(1) < B(t) < P(0) yielding,

I1;_, Tr(1 + as) < [1;_, Th(1 + ait)

1

Ce(b+ > a;) ~ Tr(b+ 21 ait) — Tr(b)

Corollary 3.6. Ift € (1,00), then the following inequality

[T, Te(1 + ast) - 1, Dw(l +a;)

Te(b+ 300 ait) — Tr(b+ 300, ai)

holds.

Proof. If t € (1,00), then we have ®(t) < ®(1) giving the result.

Theorem 3.7. Define a function H(t) by

e+ B)]°
H(t) = e
O = e P

€[0,00), k>0

(17)

where a, b, ¢, d, a, B are positive real numbers such that a < ¢, b < d, fd < ab,
0<a+bt <cH+dt, Yr(a+bt) >0 and Pr(c+dt) > 0. Then H(t) is increasing on

t € [0,00) and the inequalities

(03

[y (a)]” < Wrlat bt)l” < [ila+b)
@)’ ™ [ele+dt)” ~ [i(ctd)
holds for every t € [0,1].

B

(18)
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Proof. Let w(t) = 1In H(t) for every t € [0,00). Then,

[x(a +bt)]"
w(t) =In m =alnyg(a+bt) — flnyy(c+ dt)
and
i o Pplatbt) (et dt)
wi(t) = abd}k(a + bt) Bdwk(c + dt)
_ab) (a4 bt)y(c+ dt) — Bd (c + dt)iy(a + bt)
B Ui (a + b)Yy (c + dt) :

Since 0 < a + bt < ¢+ dt, then by Lemmas and we have,
i (a+bt) < Yp(c+ dt) and ¢ (a + bt) > 9}, (c+ dt). Then that implies;
Yr(c+ dt)l (a + bt) > Yy (c+ dt))(c + dt) > Py (a + bt)y) (c + dt).
Further, ab > fd implies;
abipy(c+ dt)yr,(a+ bt) > abyy(a + bt)y, (c + dt) > Bdiy(a + bt) (c + dt). Hence,
abiy(c + dt)y (a + bt) — Bdiy(a + bt)y;,(c + dt) > 0. Therefore w'(t) > 0.
That implies w(t) and H(t) are increasing on t € [0,00). Thus, for every t € [0, 1]
we have,
H(0) < H(t) < H(1)
yielding the result.

Remark 3.8. If welet a > ¢, b > d, 8d > ab and a + bt > ¢+ dt > 0 in Theorem
then the function H(t) is decreasing and the inequality is reversed.

4. CONCLUSION

We have proved that inequalities @ and (|7) also hold for the k-analogue of
the gamma function as shown by inequalities (14]) and . In addition, results
involving the k-analogue of the digamma function, v are also proved and thus

shown by inequalities .
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