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Abstract
We present some monotonic functions and some generalized inequalities involving
the ratios of analogues of the Gamma function.
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1 Introduction

The classical Euler’s Gamma function I'(¢) is commonly defined as

() = / e “a' " du, t>0. (1)
0
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The p-digamma function v,(t), ¢g-digamma function ¢,(t) and k-digamma
function 1 (t) are respectively defined as follows.

Up(t) = = (1) = 5=, >0 (2)

where I', () is the p-analogue of the Gamma function defined by (see [2], [3])

B plp B p
Ffo(t)_t(t+1)...(t+p)_zt(1+§)...(1+§)’ peN, >0, ()
Fl
0lt) = 0 (0) = (8, 050 (@)

where I',(¢) is the g-analogue of the Gamma function defined by (see [4])

o0

1—q"

F(I(t) = (1 - Q>17t H 1 — qt+n’ qc (07 1)v t> O? (5>
and
Bu(t) = G nu(e) = fEL ¢ )

where I'y(t) is the k-analogue of the Gamma function defined by (see [1], [5])
o0 a:k
Ti(t) = / e~ Falldy, k>0, t>0. (7)
0

In a recent paper [6], Nantomah and Iddrisu proved that the following double
inequalities hold:

Tha+t) e DI, (a+ 1)
O<F(a+t)< To(a+1) E>0,peN (8)
p p

and

Fe(a+ 1) - e(_t)(lniﬂ)ljk(oz +1)
Lla+t) t(1—q)'Ty(a+1)

0< k>0,qe(0,1) 9)

for ¢ € (0,1) and for a positive real number a.

Our objective in this paper is to establish some generalizations of the inequal-
ities (8) and (9).
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2 Preliminary Results

The following auxiliary results are crucial to the main results of the paper.

Lemma 2.1. The functions 1,(t), 1,(t) and i(t) as defined above have the
following series representations.

p
1
zlnp—zn—H, peN, t>0 (10)
n=0

t+n
Ug(t) = —In(1 —q) +IHQZW q€(0,1), ¢t>0 (11)

oo

Ink—~ 1 t
t) = - - —— k>0, t>0. 12
Vi(t) k t+;nk(nk+t)’ e (12)

where 7y is the Fuler-Mascheroni’s constant.

Proof. See [3], [5] and [6] and the references therein.
Lemma 2.2. Leta>0,b>0 andt > 0. Then,

Ink —~
—CL( ’

a
)+blnp + n + ay(t) — biby(t) > 0
Proof. Using the series representations in equations (10) and (12) we have,

Ink —~
— af p

)+ bInp+ T+ avu(t) — by (1)

oo

:&an(nk—l—t Z

Lemma 2.3. Leta>0,b>0 and o+ 5t > 0. Then

(ln k—r~
—a

k
Proof. This follows directly from Lemma 2.2.

J+blnp+ % + ap(a + Bt) — by (a + Gt) > 0

Lemma 2.4. Leta>0,b>0 andt > 0. Then,

(lnk—’y
TR

)+ bIn(l — q) + % +ayy(t) — by () > 0
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Proof. Using the series representations in equations (11) and (12) we have,

Ink — a
— (=) +bIn(L — q) + 7 + avi(t) — bisy (1)
B = nk(nk +1) qnzol—q’”r”

Lemma 2.5. Leta >0, b >0 and o+ t > 0. Then,

_a(lnkk— M) 4 bIn(1— g) + % + atp(a + Bt) — by (a+ Bt) > 0

Proof. This follows directly from Lemma 2.4.

3 Main Results

We now state and prove the results of this paper.
Theorem 3.1. Define a function A by
Aqp) = B2 N+ e
= p*bﬂtl“p(a + Bt)b )

where a, b, o, [ are positive real numbers. Then A is increasing on t € (0, 00)
and the inequality

t € (0,00), k>0,pe N. (13)

Di(o+68) _ DT + 5"
Ip(a + pt)b tefpbBE=1T, (o + )

holds for every t € (0,1).

0< (14)

Proof. Let g(t) = In A(t) for every t € (0,00). Then,

4B g—aBt( }Zf”)pk(a + Bt)®

g(t) =In p‘bﬁtrp(@ + ﬁt)b
= —aﬁt(mk — 7) +0ftlnp+aflnt +alnTy(a + ft) —bInT,(a + Gt)
Then,
, Ink —~ a3
g(0) = —aB(2=) + b8Inp + 22+ aBun(a+ Bt) - bBYy(a + B)
=0 —a(lnkk_ 7) +blnp+ % + ap(a + Bt) — by (a+ Bt)| >0
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as a result of Lemma 2.3. This proves that g is increasing on ¢ € (0, 00). Hence
A is increasing on t € (0,00). Thus, for every t € (0,1) we have

A(0) < A(t) < A1),

yielding

Lu(a+ 1) _ e D Ty(a + 5)°
Lyt gp ~ FPIT (ot )

Corollary 3.2. Ift € [1,00), then the following inequality holds.

0<

eaBt=1)(* IZ_’Y)FIC(O& +6)° < Iy(a+ Bt)"
taBpbSE=—NT (a + B)>  — T'p(a+ ft)b

Proof. If t € [1,00), then we have A(1) < A(t) yielding the result.

Theorem 3.3. Define a function Y by

o = P N+ By
BT Y

where a, b, o, B are positive real numbers. Then Y is increasing ont € (0,00)
and the inequality

t€(0,00), k>0,q€(0,1). (15)

Do+ B8 _ ety (a + B
Cylo+ 87 = #9(1— 70T, (a + 3

holds for every t € (0,1).
Proof. Let h(t) = InY(t) for every t € (0,00). Then,

0<

(16)

$aB =Bty (o + BE)0

h(t) = In (1 — q)%T (v + Bt)?
= _aﬁt(ln kk_ 7) —bftln(l —q¢)+afInt+alnly(a+ Bt) —bInl (o + 5t)
Then,
, Ink —~ af?
h'(t) = —af( - ) —bBIn(l —q) + - T af(a+ Gt) — bBY, (o + Bt)
=0 —a(ln kk_ 7) —bln(l —q) + % + ahp (o + Bt) — by, (a + Bt)| >0
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as a result of Lemma 2.5. This proves that & is increasing on ¢ € (0, 00). Hence
T is increasing on ¢t € (0, 00) and for every ¢t € (0,1) we have

T(0) < YT(t) <T(1)
yielding

Lo+ 5t)° < eB(t-1)(* IZ_W)FI{(Od +0)"
Ly (a+pt)r 1981 — q)¥0-9T, (a + B)0°
Corollary 3.4. Ift € [1,00), then the following inequality holds.

0<

R VY G R VIC R
PO QP (a+ A7 = Tylat pi)
Proof. 1f t € [1,00), then we have T(1) < Y(¢) yielding the result.

4 Concluding Remarks

Remark 4.1. By putting @ = b = = 1 into inequalities (14) and (16), we
thus obtain respectively, inequalities (8) and (9) as in [6].
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