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Abstract In this paper, the authors present some double inequalities associated with certain ratios of the Gamma
function. The results are further generalizations of several previous results. The approach is based on some
monotonicity properties of some functions involving the generalized Gamma functions. At the end, some open

problems are posed.
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1. Introduction

Inequalities involving the classical Euler’s Gamma
function has gained the attention of researchers all over
the world. Recent advances in this area include those
inequalities involving ratios of the Gamma function. In
[1,5,6,10] and [11-17], the authors established some
interesting inequalities concerning such ratios, as well as
some generalizations. By utilizing similar techniques, this
paper seeks to present some new results generalizing the
results of [11-17]. At the end, we pose some open
problems involving the generalized Psi functions. In the
sequel, we recall some basic definitions concerning the
Gamma function and its generalizations. These definitions
are required in order to establish our results.

The well-known classical Gamma function, I'(t) and

the classical Psi or Digamma function y(t) are usually
defined for t >0 as:

r'()

I(t) = je XX ldx and p(t) =——= o

0

The p-Gamma function, I"(t) and the p-Psi function
yp(t) are defined for pe N and t>0 as:

where ' (t) > '(t) and y(t) > w(t) as p—oo. For

more information on this function, see [9] and the
references therein.
Also, the g-Gamma function, I'4(t) and the g-Psi

function vq (t) are defined for q e (0,1) and t >0 as:

I (t
and /g (t) :rq—().
q

Tqt)=@- q)“H 5

t+n

where I (t) > I'(t)and yq () > w(t) as g1 .

See also [4,5] and the references therein.

Similarly, the k-Gamma function, T’ (t) and the K-Psi
function  (t) are defined for k>0 and t>0 as (see
[2,7]):

w _xk
Fk(t)z_[e k' xtldx and v (t) =
0

L@
Ly (1)

where T’y (t) > I'(t)and y (t) > w(t) as k > 1.

Also, the (g,k)-Gamma function I'(qy)(t) and the
(g,k)-Psi function y/(q,k)(t) are defined for qe (0,1 ,
k>0 and t>0 as[3]:

LA |
- qk>§ g0 ®)
Pan®O="—7 e O=r o
(1-q)k '
n-1
where (), = H(t+ jk) is the k-generalized Pochhammer
j=0

symbol and T'q iy (t) > T(t), w(q k) ) >y (t) as g1,

k—>1.
Furthermore, the (p,q)-Gamma function Cpa) (t) and

the (p,)-Psi function w4y (t) are defined for pe N ,
ge(0,1) and t>0 as [8]:

[plg[ply!
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and
(p.a) (®)
Y(p.q) (L) =
(p.a) ) (t)
p
where [p], , and Coqg®—=>T0), wipg® —w)

as p—oowo, g1 .
As defined above, the generalized Psi functions: y/(t),

l//q(t) A y/(q‘k)(t) and w(p’q)(t) possess the

following series forms (see [16,17] and the references
therein):

yp(t)=Inp- nZ;,)m ey
wq(t)=—In(- OI)+(|HQ)nZl1_r: @)
V() =2 —%+§1m 3)
Vipa)® = ln[p]q+(lnq)z1 ﬂ; @)
V(qh) () == ( —9), (lncl)Z_jl _r:t (5)

N—o0 k=1

Euler-Mascheroni’s constant.

n
with = lim (Zl—lnn]=0.5721566... denoting the

2. Results

We now present our results. Let us begin with the
following Lemmas pertaining to the results.
Lemma 2.1. Assumethat A > x>0, peN, qe(0,1)

and g(t) > 0. Then,

AIn(1-q) + uIn[p],
+ Ay (9() — 1y (p,g) (9(1) <O.
Proof. By using equations (2) and (4) we obtain,
AIn(1-0q) + pInfplg + Ayq(9(t) - 4v(p,q) (9(1))
® ng(t) P gno®

= (ing)| A3
n11-q"

<0.

—11—qn

concluding the proof.
Lemma 2.2. Assume that 1> x>0, qe(0,), k>1

and g(t) > 0. Then,

p In(i— q)
+ Ayq(9(t) — 1y (g (9(1)) <O.

Proof. By using equations (2) and (5) we obtain,

Aln(l-q) -

u In(ll(- a)
+ Ay q(9(t) — 1y (k) (9(1)

L )00 rlg(t) ang(t) 0
=(Ing E <
_qn 1 an

Aln(l-q) -

concluding the proof.
Lemma 2.3. Assume that >0, >0, k>0, peN,

ge(0,)) and g(t) > 0. Then,

+ Ay (9(1) — 1y (p,q) (9(1) > 0.

Proof. By using equations (3) and (4) we obtain,

pin[ply - ’“knkﬁky g?t)

+ A (00) - 1 (p gy (9(0)

~ 0 g() qng(t)
DRI R Spwr

concluding the proof.
Lemma 2.4. Assume that 1>0, >0, qe(0,1) ,

k >0and g(t) >0. Then,
Ay, A _Ink*(@1-9)")

k g(t) k

+ Ay (9(1) — sy q,k) (9(t) > 0.

Proof. By using equations (3) and (5) we obtain,
Ay, A _In(k*(1-9)")
k  g(t) k
+ Ay (9(1) — 1w (q,k) (9 (1))

=1y - u(Ing) >’

o nk(nk +g(t)) _11_q

concluding the proof.
Theorem 2.5. Let g(t) be a positive, increasing and

differentiable function, pe N and qe(0,1) . Then for
positive real numbers A and g such that 1> u , the
inequalities:
(1_q)ﬂ(g(0)—9(x))rq (g(0))*
[p]&"(g(o)_g(x))r(p,q)(g(O))'”
Iq(9(x)*
T(pay (900
(1_(:1)/1(§J(Y)*9(X))Fq(g(y))/1
B [p]a#(g(Y)—g(X))F(p’q)(g(y))ﬂ

hold true for O<x<y.
Proof. Define a function G for pe N and g (0,1)
by

(6)
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@-a)**0r, (g 1)

O o Or g oy T
Let u(t) =InG(t). Then,
o) — 10T 00)”
[PJg“* T (p,) (1))
=29(t)In(L-0) + xg®)In[pl,
+ AINCg (9(0) ~ N (p ) (9 (1).
Then,

u'(t) = 29’0 In(1-a)+ 1g'(t)In[p]q
+ 29" Ovg (90) 49 O (p.g) (GO)
= g'(t)| AIn(L-q) + [ p],
+ 2y (9(0) — 1y .y (9(0) | <0
as a consequence of Lemma 2.1. That implies u is non-

increasing on te(0,0) . Hence G = e!®
increasing and for 0 < x <y we have,

is non-

G(0) > G(x) = G(y)

establishing the inequalities in (6).

Theorem 2.6. Let g(t) be a positive, increasing and
differentiable function, qe(0,1) and k>1 . Then for
positive real numbers A and u such that 1> u , the
inequalities:

(1_q)ﬂ(g(0)—9(x))rq(g(o))i

H(g(0
1k OO0

Iy (9(x)*
Tk (9()*
(-9, (g (y))*

)7
(1 k90800

hold true for 0O<x<y.
Proof. Define a function H for g €(0,1) and k >1 by

@-a)* 001, (g(t))*

T(q.6)(9(0)*

(7

Ciq (9(y)*

H(t) = 0 ® , te(0,:).
1-0) ¥ T(gu(am)”
Let v(t) = InH (t) . Then,
1-9)*90T, (g(t)*
o0 = in S oBg(t) q(a(®)
@-a) K T am)”
- 29— -9 ing-q)
+ AINCq(g(t)) - 4INT (g k) (9 ().
Then,

v =29 ©Ona-0) -2 ina-q)

+ A9'Owq(9(t) - ﬂg 'Oy (q.k) (91)

- g'(t)[un(l—qw”‘(lk—“”

+ 2y (9) — 1y (1) | <0
as a consequence of Lemma 2.2. That implies v is non-

increasing on te(0,0) . Hence H=¢'®
increasing and for 0 < x <y we have,

is non-

H@O)>H(x)=H(y)

establishing the inequalities in (7).

Theorem 2.7. Let g(t) be a positive, increasing and
differentiable function, k >0, pe N and qe(0,1). Then
for positive real numbers 2 and g , the inequalities:

£ (g(0)-9(x)) l(g(O) 9(x)
(9(0))*k K Ty (9(0)*

(9(x)) [p]a”(@’(‘”‘g(*”r(p,q)(g(O»”
Ty (g(x)*
r(p,q)(g(x))ﬂ

“(g(y)-a(x) l(g(y) g(x)
(g(y)) 'k Ty (9(y)*

(900 [p]qf“g(y) A VN T
hold true for O<x<y.
Proof. Define a function S for k>0, peN and

qe(0,1) by

)

_A9(t) Ayg(t)

A A
R CIOAL kte <O 0.
[PIg“90T (. (G ()"
Let w(t) = InS(t). Then,
_Ag(t) Arg(t)
w(ty = (@K ¥ e ¥ (o)’
[PIg“90T (. (G (D)~
— ug®In[pl, - Ai(t) Ink + ’173(0 +AIn(g(®))

+ A1 (9(1)) - 41T (g ) (1)

Then,

Ag'(t)Ink N Ayg'(t)
k k

+29' O (9(1) - 19" Oy (p,q) (3 (1)

w'(t) = 1g'(®)In[p]q -

+/Iw
g(t)

=9 (t)[#ln[p]q

Alnk Alnk Ay /1;/ A
)
+ 2y (9 (1)) —w(p,q)(g(t»} >0
as a result of Lemma 2.3. That implies w is increasing on
te(0,o) . Hence S=e"®
0< x<y we have,

is increasing and for
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S(0) < S(x) < S(y)

establishing the inequalities in (8).
Theorem 2.8. Let g(t) be a positive, increasing and

differentiable function, k >0 and gq<(0,1) . Then for
positive real numbers A and u , the inequalities:
_ (9( )—-9(x))
(9(x)) *(g(0))*e ¥ Iy (9(0)*
2(g(0)-g(x) (g(0)-g(x)
kk @-g)k T (q.k) (9(0)*
< 1—‘k (g(x)) < (9)
(g, (9(x)*
_ (g(y) g(x))
(@) (g(y) ek ICIODE
Z(a(y)-9(x) “2(g(y)-9(x))
kk 1-g)k C(q.k) (@)

hold true for 0<x<y.
Proof. Define a function T for k >0 and q < (0,1) by

) Arg(t) N
k
T(M) = ﬁt)) eyg(t)rk(g(t)) te(0,%).
k K @Q-q) k Trla®)”
Let 5(t) =InT(t). Then,
5 Arg(t) .,
(g)"e k Ty (g()
oW =I—7q 4300 ‘
k kK @1- Q) L (g (9(0)*
— 2Ing(t) + ’178(” - lgk(t) Ink - “?((t) In(L-q)
+ AL (g(t)) — wInl (g 10y (9 (1))
Then,
A
5'(t) = /Wi ®., 9((:)) g (t)ln(kk @-9)*)

+ 29" Ok (9) - 49" Oy (g (9(1)
Ay, A Ink*@-9)*)

=g'(t) PRET "

+ Ay (9O) — 1y (g (1) | > 0

as a result of Lemma 2.4. That implies & is -increasing on
te(0,0) . Hence T =¢’0
0<x<y we have,

is increasing and for

TO)<T(x)<T(y)

establishing the inequalities in (9).

3. Concluding Remarks

In particular, if we let g(t)=a+ 6t for >0 and
£ >0 on the interval 0<t <1, then we recover the entire

results of [17]. Also, by setting g(t)=a+t and
A=pu=1 on the interval 0<t <1, we obtain the results
of [16]. The results [11] — [17] are therefore special cases
of the results of this paper. For example, let g(t) = a + gt
for «, # >0 on the interval

0<t<1.Then;

(i) by allowing q—1in Theorem 2.5,
Theorem 3.7 of [13].

(if) by allowing k -1 in Theorem 2.8,
Theorem 3.8 of [13].

(iii) by allowing g —1in Theorem 2.6, we recover
Theorem 3.9 of [13].

(iv) by allowing k —1in Theorem 2.7, we recover
Theorem 3.1 of [15].

This paper is a slightly modified version of preprint
[18].

we recover

Wwe recover

4. Open Problems

For k>0, peN and qe(0,1) , let z//p(t) , z//q(t) :
Y(p,q) () and yq ) (t) be the generalized Psi functions

as defined in equations (1) — (5).
Problem 1: Under what conditions will the statements:

Inp-+ In(1-0) + /g (t)—wp(t)

= Z—+(Inq)z

nal-q"

<(2)0

be valid?
Problem 2: Under what conditions will the statements:

“Infp] - I( -q)

p
-(unq>[z i

+¥(p,q) O =¥ (g ®

nk } <(>)0

iq

n-11-¢

nal-q"

be valid?
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