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THE (p,q)-ANALOGUES OF SOME INEQUALITIES FOR THE
DIGAMMA FUNCTION

KWARA NANTOMAH

ABSTRACT. In this paper, we present the (p, ¢)-analogues of some inequalities
concerning the digamma function. Our results generalize some earlier results.

1. INTRODUCTION AND PRELIMINARIES

The classical Euler’s Gamma function, I'(t) and the digamma function, (¢) are
commonly defined as
I d T (t)
I(t) = it d ¢(t)=—II(t)=
(0= [ era s ad v = G000 = 1o,
The p-analogues of the Gamma and digamma functions are respectively defined as
follows.

t>0.

plpt o d L)
7). (1D and wp(t)falnfp(t)f%, t>0.

where limy o [p(t) =T(¢) and limy,_,o0 9p(t) = ¢(t). For some more insights
and properties of these functions, see [1], [3] and the references therein.

Fp(t) = t(

Similarly, the g-analogues of the Gamma and digamma functions are respectively
defined for ¢ € (0,1) as (see also [I] and [3])

T l-q" d I (t
T,(t) = (1— q)l-tgl Tk md Ut = Sl () = Ty(t)
where lim,_,,- ['g(t) =T'(t) and lim, ;- 14(t) = ¥(1).

In 2012, Krasniqi [2] defined the (p, ¢)-analogue of the Gamma function, I', ,(¢) as

[pq [plq!
Fp,q(t) = [t]q[t + 1]q R [t +p]q’

t>0, peN, qe(0,1).

where [p], = %. For several properties and characteristics of this function, we
refer to [4]
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Similarly, the (p, ¢)-analogue of the digamma function v, 4(t) is defined as

d (¢
Upq(t) = %lanﬂ(t) — FzZEt;’

The functions (t) and 1, 4(t) as defined above have the following series represen-
tations.

t>0, peN, q¢e(0,1).

= 1
P(t)=—y+(t-1) . t>0
7 nz:%(l—l—n)(n—i-t)
Up.g(t) = Infply + (Ing) Y 7 q_mqn, t>0.

where v is the Euler-Mascheroni’s constant.

By taking the m-th derivative of these functions, it can easily be shown that the
following statements are valid for m € N.

- 1
n=0
p nmqnt
Y (t) = (ng)™ = U 0.

n=1

In 2011, Sulaiman [10] presented the following results.

Y(s+1t) > (s) +(t) (1.1)
fort >0and 0 < s < 1.

W (s +1) < 9 (s) + (1) (1.2)
for s,t > 0 and for a positive odd integer m.

M (s + 1) > M (s) + M (1) (1.3)
for s, > 0 and for a positive even integer m.

2
G () (1) 2 [0 (s + 1) (14)
for s, > 0 and for a positive odd integer m.

Prior to Sulaiman’s results, Mansour and Shabani by using different techniques
established similar inequalities for the function 14(¢). These can be found in [5].

Our objective in this paper is to establish that the inequalities (1.1), (1.2]), (1.3)
and (1.4)) still hold true for the (p, ¢)-analogue of the digamma function.

2. MAIN RESULTS
We now present the results of this paper.

Theorem 2.1. Lett > 0,0< s <1, g€ (0,1) and p € N. Then the following
inequality is valid.

Up,q(s+1) 2 Upqg(s) + Upqe(t). (2.1)
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Proof. Let p(t) = ¢p (s +1t) — ¥pq(s) — ¥p4(t). Then fixing s we have,
n(s+t) nt

W(t) =1, 4(s +1) = %q(t)_(IHQ)QZ[nlq—q _1njq"

n=1

a nqnt(qns — 1) < 0

= (Ina)?
(Inq) T =

=1

n=1

That implies p is non-increasing. Furthermore,

lim pu(t) = tlggo [Vp,q(s 1) — Ppg(s) — ¥pq(t)]

t—o0
P n(s+t) ns nt
q q q
-1 + (1 1 —
nfply + (Ing) lmZ[l_q ¢ 1_qn}

n=1

hS]

—In[p]q + (Ing) ggc g

|:qns qnt _ qns _ qnt:|
1

718

P
= —Infp], — (Ing) Z

Therefore p(t) > 0 concluding the proof. O

Theorem 2.2. Let s,t >0, g € (0,1) and p € N. Suppose that m is a positive odd
integer, then the following inequality is valid.

DS (s 4 1) S U (s) + i) (). (2.2)
Proof. Let n(t) = (m)(s +t) — (m)( ) — ,(,Z;) (t). Then fixing s we have,

() = 5t (s + 1) — et (1)
m+1 n (s+t) nerl nt:|

lnqm+22|: 1_q _ 1_;n
lnq m+22

|: m+1 nsi
n=1

1
1 — q” )] > 0. (since m is odd)

That implies 7 is non-decreasing. Furthermore,

p m n(s+t) m, ns m ,nt
lim 7n(t) = (Ing)™ ™ lim [n ¢ L ]

t—o0 t—00 1—gn 1—qgm 1—gqgn
n=

- (lnq t—o0
n=1

)m—i—l lim p nmqns.qnt B nmqns B nmqnt
1—qm 1—q¢q» 1—qg"

—(Ingq) m'H Z

Therefore n(t) < 0 concluding the proof. O

g . (since m is odd)

Theorem 2.3. Let s,t > 0, ¢ € (0,1) and p € N. Suppose that m is a positive
even integer, then the following inequality is valid.

Up (s +1) Z U (s) + v (), 23)
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Proof. Let A(t) = 5% (s + ) — 52 (s) — S (£). Then fixing s we have,
m+1) m—+1
N () = oyt (s +1) — it (8)

m+1qn(s+t) nm—i—l nt :|

n q
= (Ing)™*? Z { — = ~
n=1 1- q

1—g¢

P m+1_ nt 71
= (Ing)™*? Z {n (i —((ZI" )} < 0. (since m is even)

That implies A is non-decreasing. Furthermore,

P m n(s+t) m,ns m nt
lim A() = (Ilng)™ lim $ [~ 291 T4
t—o0 t—>oo 1—qm 1—qn 1—qgn
—(Ing)™** Z g . (since m is even)
Therefore A(t) > 0 concluding the proof. O

Theorem 2.4. Let s,t > 0, ¢ € (0,1) and p € N. Suppose m is a positive odd
integer, then the following inequality holds true.

W@ = [ui (s + 0] (24)

Proof. We proceed as follows.

nmgns nmqn(s+t):|

P
B () — (s 1 1) = lnqmﬂz[ _
n=1

— [1—¢" 1—qgn
p
=(Ing)™ Z{

_ qnt)
1 ] > 0. (since m is odd)
—-q"

That implies,

G5 (s) = ) (s + 1) > 0.
Similarly we have,

Uiy () 2 g (s +1) > 0.
Multiplying these inequalities yields the desired results. Thus,

2
Vi ()i (1) > [w;:jp(s +t)}

3. CONCLUDING REMARKS

Remark. If in inequalities , , and we allowp — 00 asq— 17,
then we repectively recover the inequalities , , and . We have
thus genemlized the earlier results as in [B] and [I0]. The k, p and q analogues

of (1.1 and E can be found in the papers [7], [8] and [9]. Also, the (q,k)-
analogues of (-) ' and (w can be found in [0].
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